There is a general belief, reinforced by statements in standard textbooks, that: (i) one can obtain the full nonlinear Einstein theory of gravity by coupling a massless, spin 2 field h ab self-consistently to the total energy-momentum tensor, including its own; (ii) this procedure is unique and leads to Einstein-Hilbert (EH) action; and (iii) it uses only standard concepts in Lorentz-invariant field theory and does not involve any geometrical assumptions. After providing several reasons why such beliefs are suspect -and critically re-examining several previous attempts -we provide a detailed analysis aimed at clarifying the situation. First, we prove that it is impossible to obtain the EH action, starting from the standard action for gravitons in linear theory and iterating repeatedly. This result follows from the fact that EH action has a part (viz. the surface term arising from second derivatives of the metric tensor) which is nonanalytic in the coupling constant, when expanded in terms of the graviton field. Thus, at best, one can only hope to obtain the remaining, quadratic, part of the EH Lagrangian (viz. the Γ 2 Lagrangian) if no additional assumptions are made. Second, we use the Taylor series expansion of the action for Einstein's theory, to identify the tensor S ab , to which the graviton field h ab couples to the lowest order (through a term of the form S ab h ab in the Lagrangian). We show that the second rank tensor S ab is not the conventional energy-momentum tensor T ab of the graviton and provide an explanation for this feature. Third, we construct the full nonlinear Einstein theory with the source being a spin 0 field, a spin 1 field or relativistic particles by explicitly coupling the spin 2 field to this second rank tensor S ab order by order and summing up the infinite series. Finally, we construct the theory obtained by self-consistently coupling h ab to the conventional energy-momentum tensor T ab order by order and show that this does not lead to Einstein's theory. The implications are discussed.
Introduction and Motivation

Conventional wisdom. . .
The two classical fields -electromagnetism and gravity -are described by a vector field and a second rank symmetric tensor field, respectively. Considerations based on the Lorentz group suggest interpreting them (when suitable restrictions are imposed) as corresponding to massless spin 1 and spin 2 fields. The vector field A i couples to a conserved current J i but does not contribute to this current. (That is, the photon does not carry charge.) In contrast, the tensor field is believed to be coupled to the energy-momentum tensor; since the field itself carries energy, it has to couple to itself in a nonlinear fashion. (The situation is similar to Yang-Mills fields which carry isotopic charge and hence are nonlinear.) It may, therefore, be possible to obtain a correct theory for gravity by starting with a massless spin 2 field h ab coupled to the energy-momentum tensor T ab of other matter sources to the lowest order, introducing self-coupling of h ab to its own energy-momentum tensor at the next order and iterating the process. This will lead to a completely field-theoretic description of gravity in a Minkowski background and is conceptually quite attractive.
This attempt has a long history. The field equation for a free massless spin 2 field was originally obtained by Fierz and Pauli. 1 The first attempt to study the consequences of coupling this field to its own energy-momentum tensor seems to have been made by Kraichnan in unpublished work done in 1946-47. The first published attempt to derive the nonlinear coupling was by Gupta, 2 and Kraichnan published some of his results soon after.
3, 4 Feynman provided a derivation 5 in his Caltech lectures on gravitation during 1962-63. The problem was readdressed through a clever technique by Deser. 6 (This problem and related ideas have been explored from several other points of view in the literature; see e.g. Refs. 7-12. We shall not discuss these approaches.) Virtually all these approaches claim to obtain not only Einstein's field equations but also the Einstein-Hilbert action.
. . . And why it is suspect
This result is widely quoted in the literature (see e.g. p. 424 of Ref. 13 ) and, at first sight, seems eminently reasonable. However, deeper examination raises several disturbing questions, if the result is really valid.
• In the conventional derivations, the final metric arises as g ab = η ab + λh ab , where λ ∝ √ G has the dimension of length and h ab has the correct dimension of (length) −1 in natural units, with = c = 1. The iteration is in powers of λ, starting from the zeroth order Lagrangian L 0 (∂h) 2 for a spin 2 field, which has the dimension of (length) −4 . (We have dropped the tensor indices to simplify the notation.) The final result in all the published works is the EinsteinHilbert Lagrangian L EH = (1/4λ
2 )R. Since the scalar curvature has the structure R (∂g) 2 + ∂ 2 g, substitution of g ab = η ab + λh ab gives to the lowest order
Thus the full Einstein-Hilbert Lagrangian is nonanalytic in λ! It will be quite surprising if, starting from (∂h) 2 and doing a honest iteration on λ, one can obtain a piece which is nonanalytic in λ. At best, one can hope to get the quadratic part of L EH which gives rise to the Γ 2 action but not the four-divergence term involving ∂ 2 g.
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• To carry out this program, one needs to identify the energy-momentum tensor T G ab for the graviton field h ab order by order in the coupling constant. At this stage, we are working in flat space-time, Cartesian coordinates [with metric η ab = dia(−1, 1, 1, 1)] with the Lorentz group as the invariance group. If we are honest (and do not use anything we learnt in our general relativity course!), we must provide a prescription to find T G ab within this context. There is indeed a natural conserved second rank tensor which arises from Lorentz symmetry, usually called the canonical energy-momentum tensor. This tensor, unfortunately, is not symmetric. It can be made symmetric but the procedure is not unique. For every choice of T G ab one can obtain a nonlinear theory clearly showing that further choices are to be made somewhere along the line.
• A sharper way of stating the above difficulty is the following: The same textbooks which assert that Einstein's theory can be obtained by coupling h ab to itself self-consistently will also state in some other section (in Ref. 13 , this happens on p. 467) that the gravitational field does not have a well-defined energymomentum tensor! It will be rather strange if a unique energy-momentum tensor exists for the gravitational field order by order in the perturbation series but somehow "disappears" when all the terms are summed up. (The nonuniqueness of the energy-momentum tensor for Einstein's theory is well known and is extensively discussed in the literature; see e.g. Ref.
14-28.) • In implementing this program, one needs to be clear whether general covariance is an assumption or a result. The starting point -Lorentz-invariant field theory in flat space-time with metric η ab -has no notion of general covariance. If the source of the final equations is an energy-momentum tensor which is assumed to be generally covariant, it is equivalent to assuming that the left-hand side of the equations is generally covariant. It is then no big deal to obtain Einstein's theory, if we are prepared to assume general covariance. [It is sometimes claimed that the gauge invariance of a spin 2 field under
"becomes" the general covariance of the full theory. This is simply wrong; see the discussion around Eq. (32) in Sec. 3 below.] • A term in the Lagrangian proportional to λh ab T ab , where T ab is due to external matter fields (assumed to be independent of h ab to this order), will lead to the equation of motion of the type ∂ 2 h = λT . Hence a coupling of the type λh ab T ab is equivalent to requiring the source to be T ab . Consider now the coupling of gravity to itself through a term of the type λh ab S ab (h), where S ab explicitly depends on the graviton field h ab . When this term is varied with respect to h ab to get the equations of motion, we will obtain two terms: S ab + (∂S ij /∂h ab )h ij , both of which will act as a source to gravity at the next order. If we want the source to be the energy-momentum tensor of the graviton field, T ab , then the coupling cannot be of the form h ab T ab (h) since this will lead to the wrong source. Thus we need to find out the form of the tensor S ab -a question which does not seem to have attracted any attention in the literature. (We will see that S ab is an interesting subject in its own right.) None of the previous derivations addresses these issues, and most of them downplay the role of assuming general covariance. All these attempts make different tacit assumptions and it is difficult to judge which of these derivations can be thought of as being "from first principles" in the sense that it is completely independent of our knowledge of the end result. This difficulty becomes apparent when one follows the details of many of these derivations. The technology used is very strongly influenced by the known final result. For example, Kraichnan's pioneering work explicitly uses a term like η ab R ab (η) (η ab is the Minkowski metric and R ab is the Ricci tensor) cleverly to obtain the result [see Eqs. (13)- (17) of Refs. 3 and 4] in spite of the fact that R ab (η) vanishes for the flat metric η ab ! It is impossible (at least for the author) to imagine that someone could have "guessed" this form for the action without knowing the result. Feynman's derivation also suffers from several shortcomings. To begin with, it is considerably less general than the one by Kraichnan, since Feynman assumes a particular form for the matter action and a coupling. But more relevant to our discussion is the manner in which he constructs the solutions to a consistency condition (see the discussion in Secs. 6.3 and 6.4 of Ref. 5) . Since this approach assumes general covariance (in the form of ∇ a T ab = 0) and relies heavily on constructing generally covariant scalars, it is predestined to give Einstein-Hilbert action. The by-far-cleverest mathematical procedure is the one employed by Deser, in which he exploits the fact that, with a suitable choice of variables, the gravitational action becomes a cubic polynomial allowing the iteration to stop at a finite order. To achieve this mathematical economy, he has to start with the Palatini variational form [see his Eq. (2) In particular, the fact that the action for the final theory contains the second derivatives of the field is always put in by hand. Kraichnan's work has this explicitly; Feynman's derivation assumes a condition equivalent to general covariance to obtain solutions to a functional constraint and he explicitly chooses the "simplest" generally covariant scalar, thereby getting √ −gR; Deser starts with an expression which is numerically the same as √ −gR, but since he uses the first order form of the variation, the question of second derivatives is not directly applicable until, of course, the final result is obtained. Thus, we really do not know whether the original program (of coupling the field to its own energy-momentum tensor order by order and iterating the result) can be made to yield any other form of action principle even when the field equations are the same.
As an aside, we will comment on a related issue of obtaining a classical field theory from a quantum formulation. Of the two classical fields in nature, electromagnetic and gravitational, the former is simpler in structure because the vector field A k couples to the current J k but the photon does not carry a charge. Therefore the theory is linear with no self-coupling at the tree level and can be easily obtained as the lowest order limit of quantum electrodynamics. In fact one can do better in this case; a summation of the relevant Feynaman diagrams in an increasing number of loops, for example, will lead to the Euler-Heisenberg effective Lagrangian [29] [30] [31] [32] [33] containing quantum corrections to Maxwell equations. The situation in Yang-Mills theory is closer to gravity because the field has nonzero isospin current leading to self-coupling. But, unfortunately, the structure of the action functionals in YM theory and gravity is quite different, therefore preventing us from exploiting our knowledge in the case of the YM field. The conventional Lagrangian for the YM field is quadratic in curvature while the action in gravity is linear in curvature; which, of course, is possible only because of the existence of a metric in the case of gravity. For the YM field we have only connection and curvature.
One may be tempted to argue that most of the issues and objections raised above are irrelevant in the strictly classical context. In classical general relativity, one could argue that what matters is the equations of motion and not the action functional. This, however, is a rather restricted point of view and one needs to realize that the true world is quantum-mechanical and if one can gain insight into the nature of quantum theory from the structure of classical action functional, it is worth exploring. Of course, quantum theory has taught us that action functionals are as important (if not more) as the field equations. In the case of gravity, there are two action functionals which are of primary relevance. The first is the Einstein-Hilbert action which uses the Lagrangian R √ −g, and the second is the Γ 2 action involving only the squares of the first derivatives. It can be shown that these two actions can be thought of as providing the momentum representation and the coordinate representation (respectively) of the theory and differ by a surface term which is directly related to the entropy of horizons in the semiclassical theory and has been the basis of a series of investigations. [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] Since the existence of horizons is probably the most remarkable feature of classical gravity that could serve as a link with the quantum description of space-time, it is important to try and understand whether this surface term can arise from the spin 2 field approach.
Plan of the paper
We will try to address these issues in as straightforward ("dumb") a manner as possible. Section 2 reviews the background material related to a spin 2 field, and a few important results, needed later, are obtained. In particular, we introduce a new second rank tensor S ab associated with any matter Lagrangian which can be obtained by a well-defined procedure. This tensor, in general, is different from the standard energy-momentum tensor T ab but coincides with the energy-momentum tensor for a relativistic particle, spin 0 field or spin 1 field.
In Sec. 3, we start with an action for Einstein gravity for the metric g ab = η ab + λh ab , expand it in a functional Taylor series in h ab and determine the form of the self-coupling at the lowest order. We show that, to the lowest nontrivial order, the coupling is of the form h ab S ab , where S ab is the quantity introduced in Sec. 2.
We also exhibit the nonanalytic nature of the Einstein-Hilbert Lagrangian in λ and prove that the Lagrangian can never be obtained by an iteration in λ. In Sec. 4 we provide a general procedure for coupling the field h ab selfconsistently to any second rank tensor which can be expressed as a functional derivative of matter action. This leads to a well-defined "rule" for coupling the field h ab to matter fields. We first use it with the tensor S ab we have defined in Sec. 2 and show that it leads to a generally covariant Lagrangian for a relativistic particle, spin 0 field or spin 1 field but not in general. We then use the same prescription to couple h ab to itself and show that the resulting theory is Einstein's theory (Sec. 4.1). Thus, at least in the limited case of a spin 2 field interacting with a relativistic particle, spin 0 a field or spin 1 field [the only cases in which we have any observational evidence for gravitational theory!], we have an iterative procedure for obtaining the full theory when the self-coupling of h ab is not to the energy-momentum tensor. In Sec. 4.2 we repeat the analysis by coupling h ab using the standard energy-momentum tensor T ab . In the case of all matter fields, this leads to the standard generally covariant action. But when we use this prescription for coupling h ab to itself, we do not get Einstein's theory but a more complicated one which explicitly depends on the background Lorentzian metric or the field h ab . We shall also show (in Sec. 4.3) that previous results, when properly analyzed, agree with our claims.
The analysis in this paper goes contrary to the conventional wisdom, and Sec. 5 discusses the issues which arise from this work.
Action and Energy-Momentum Tensor for the Spin 2 Field
In this section we will collect together the results which are required later. (A more pedagogical description is provided in App. A; this may be useful since the results are somewhat scattered in the literature. [45] [46] [47] [48] [49] [50] The action for the noninteracting, massless, spin 2 field h ab is built out of scalars which are quadratic in the derivatives ∂ a h bc . The most general expression will be the sum of different scalars obtained by contracting pairs of indices in ∂ a h bc ∂ i h jk in a different manner. If we assume that the field equations should be invariant under the gauge transformation
then the resulting expression for the quadratic part of the action can be written in different, equivalent forms:
[If we assume that the action is quadratic in the first derivatives and gauge-invariant, its form is uniquely given by the above equation, except for one very specific fourdivergence term which can be added. This is discussed in App. A; see Eq. (A.
4).]
We shall use the more compact notation
where the tensor M abcijk (η mn ) is symmetric in bc, jk and under the triple exchange (a, b, c) ↔ (i, j, k) and is given by
where the subscript "symm" indicates that the expression inside the square brackets should be suitably symmetrized in bc, jk and under the exchange (a, b, c)
In the expression for the action, since M abcijk is multiplied by ∂ a h bc ∂ i h jk , we need not worry about symmetrization and use the expression given inside the square brackets as it is. The gauge invariance of the action leads to the identity
To the lowest order, we can couple h ab to other fields by adding an interaction Lagrangian of the form (λ/2)T ab h ab , where T ab is some tensor built out of the matter variables and λ is a coupling constant. The total action will be
Obviously, only the symmetric part of T ab is relevant to this coupling. The variation of h ab will now lead to the field equation
The condition in Eq. (6) now implies that ∂ a T ab = 0. Thus the field described by the action in Eq. (3) can only be sourced by a conserved, symmetric part of a second rank tensor. The above fact -which is, of course, fairly standard -shows the intimate connection between the conservation of the source and the gauge invariance of the field.
It is this conservation law, ∂ a T ab = 0, which leads to an inconsistency if we assume that T ab is the standard expression for the energy-momentum tensor for matter fields. When the matter variables are varied, the equation of motion will now be affected by h ab because of the (λ/2)T ab h ab coupling. But the condition ∂ a T ab = 0 is equivalent to the equations of motion for the matter field, when it is unaffected by h ab . Hence, in general, it will not be possible to satisfy both these conditions and find a consistent set of solutions. The conventional wisdom is to attempt to find a consistent theory in which the field equations for h ab should imply not the condition ∂ a T ab = 0 but a modified one of the form ∂ a (T ab + t ab ) = 0, where t ab is the energy-momentum tensor for the spin 2 field. This will require coupling the field to its own energy-momentum tensor recursively and the hope is to show thatwhen the recursion is carried out to infinite orders -the resulting theory will be Einstein's gravity. This brings us to the question of defining the energy-momentum tensor for the spin 2 field. 
when the equation of motion is satisfied. 51 This allows us to define an infinite number of conserved second rank tensors of the form
where ψ cba = −ψ bca is an arbitrary third rank tensor antisymmetric in the first two indices, so that ∂ c ∂ b ψ cba = 0 identically. It is possible to choose ψ cba in an infinite number of ways and still ensure that T ba is symmetric. Thus Lorentz-invariant field theories possess an infinite number of conserved symmetric second rank tensors, any of which can be legitimately thought of as an energy-momentum tensor. For the spin 2 field this prescription gives
This nonuniqueness shows that it is not possible to proceed further without making extra assumptions regarding the form of T pq . One needs to be clear about the different kinds of ambiguity in the definition of T pq . The first ambiguity is in the choice of ψ cpq . The second ambiguity has to do with the fact that we can add to our Lagrangian a total divergence with a undetermined coefficient [as shown in Eq. (A.4) of App. A]. This changes the form of T pq . Third, the T pq defined in Eq. (10) is not gauge-invariant. In fact, one can prove a general theorem 52 that the energy-momentum tensor for the spin 2 field cannot be made gauge-invariant for any choice of ψ cpq . This raises serious questions about whether the resulting theory after infinite iteration will possess any trace of the original gauge symmetry. If one is to be honest, in the sense that no structures other than those sanctioned by Lorentz-invariant field theory are to be used, then it is not possible to proceed any further and obtain a unique nonlinear theory.
Let us, however, reduce the standards of honesty and introduce another definition of a second rank symmetric tensor (which is based on what we learnt in our general relativity course, but we will not mention it!) along the following lines: We note that the Lagrangian for any field also depends on the Lorentz metric η
The functional derivative of the action A matter with respect to η ab will define a symmetric, second rank tensor which we can attempt to use. But since η ab = dia(−1, 1, 1, 1) is a constant, (δA/δη ab ) is mathematically ill-defined and the functional derivative actually depends on the rule for its definition. We shall see below that several rules are possible, but let us first consider the conventional wisdom again.
We begin by noting that, even though we are in flat space-time, we can use any set of coordinates to describe the physics. Let us assume that, in a curvilinear coordinate system we choose, the space-time metric is γ ab (x). We will further assume that the action in the curvilinear coordinates is obtained with replacing η ab with γ ab , ordinary derivatives into covariant derivatives and changing the volume element from
Thus the action has a kinematic dependence on γ ab , which we shall explicitly exhibit by writing it as
(The subscript ∇ in A ∇ is to remind ourselves that, in obtaining this action, ordinary derivatives have been changed to covariant derivatives; this will turn out to be important later on.) It is now possible to obtain a second rank symmetric tensor T ab by taking the functional derivative of the action with respect to γ ab and then setting γ ab = η ab :
More explicitly, this leads to the energy-momentum tensor
The procedure described above provides one possible prescription for obtaining T ab in flat space-time. Note that γ ab for us is purely a bookkeeping device and, at the end of the calculations, we shall set γ ab = η ab . It is rather surprising that this definition of T ab is routinely used in fieldtheoretic approaches to gravity (for example, in Ref. 5) as though it had nothing to do with curved space-time. This attitude is incorrect. The variation of γ ab to γ ab + δγ ab for arbitrary choices of δγ ab takes one from flat space-time in curvilinear coordinates to genuine curved space-times. (Just varying the coordinates in flat space-time will only have four function degrees of freedom, while we need 10.) The evaluation of the functional derivative in Eq. (13) requires the strong assumption that the action in Eq. (11) is valid in arbitrary curved space-time with metric γ ab . We have come a long way from the basic concepts of Lorentz-invariant quantum field theory in flat space-time.
To use this definition for the spin 2 field, we first write the action in Eq. (3) in arbitrary curvilinear coordinates with metric γ ab , using our rule in Eq. (11), as
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In this expression, the covariant derivative operator ∇ is defined with respect to the metric γ ab and involves the first derivatives ∂ a γ bc . Varying this action with respect to γ ab will lead to a symmetric energy-momentum tensor for the spin 2 field when we use the prescription in Eq. (13) . The actual expression for this tensor is fairly complicated but -fortunately -we do not need it. We, however, stress the following fact: since [∂L/∂(∂ c γ ab )] involves first derivatives of h ab , the tensor T ab will involve second derivatives of h ab . It can again be shown by detailed algebra that this T ab is indeed of the form in Eq. (10) for a specific choice of ψ cpq ; thus, our rule uses one of many choices in Eq. (10) . We can now attempt to obtain the nonlinear theory by coupling h ab iteratively to the energy-momentum tensor defined by Eq. (13) . We shall show in Sec. 4 
.2 that contrary to popular belief, the resulting theory is not Einstein's theory.
There is, however, a more important issue which needs to be raised as regards the procedure used to obtain Eq. (13). What we have done is essentially to introduce the curvilinear metric γ ab into the matter action (which was originally defined in flat space-time Cartesian coordinates) by a particular rule and then evaluate the functional derivative in Eq. (13) . At the end of the calculation, we set γ ab → η ab . The rule in Eq. (11) is strongly motivated by general covariance and, of course, leads to a generally covariant matter action in the curvilinear coordinates. But since we do not have the right to assume general covariance (and only Lorentz invariance), the rule we have specified is only one of many possible ways of introducing γ ab into the matter action.
To bring this point sharply into focus and to derive some important consequences in the coming sections, we shall introduce another rule which leads to the definition of another symmetric second rank tensor. To do this, we will construct a modified action in the curvilinear coordinates by replacing η ab with γ ab and changing the volume element from d 4 x to d 4 x √ −γ, but without changing ordinary derivatives into covariant derivatives. The action again acquires a kinematic dependence on γ ab , which we shall explicitly exhibit by writing it as
(The subscript ∂ in A ∂ is to remind ourselves that, in obtaining this action, ordinary derivatives are retained as they were.) We can again obtain a second rank symmetric tensor S ab by taking the functional derivative of the action with respect to γ ab and then setting γ ab = η ab :
More explicitly,
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This procedure provides another possible prescription for obtaining S ab in flat space-time. Once again, γ ab is purely a bookkeeping device and, at the end of the calculations, we shall set γ ab = η ab .
Both S ab and T ab are Lorentz-invariant tensors. In general, there are two crucial differences between these two tensors: (i) T ab is obtained from a generally covariant Lagrangian and hence is generally covariant; S ab need not be generally covariant; (ii) T ab satisfies the identity ∇ a T ab = 0, since it arises from an action which is a generally covariant scalar; S ab need not satisfy this identity. Having said these, one must note that these two tensors are identical whenever the action does not depend on the derivatives of the metric. For a spin 0 field, a spin 1 field and for a relativistic particle, the generally covariant action in Eq. (11) is independent of the derivatives ∂ a γ bc of the metric tensor. Hence, in all these three -physically important cases -the two definitions lead to identical energy-momentum tensors:
Even our apparently noncovariant definition will lead to a generally covariant energy-momentum tensor which satisfies the condition ∇ a S ab = 0. For the spin 2 field these two definitions differ. To find S ab , we need to start with the action in the form
which differs from that in Eq. (14) by the fact that we have not changed ∂ a 's to ∇ a 's. The tensor S ab can now be calculated using Eq. (17):
Again, it is possible to write down the explicit expression for this but, fortunately, we will not need it. However, it is obvious from this expression that this tensor is quadratic in ∂ a h bc and does not involve second derivatives of h ab . We shall see in the next section that it is this object which governs, through a term S ab h ab in the Lagrangian, the coupling of gravity to itself at the lowest nontrivial order.
Sneak Preview: Reverse Engineering of Einstein's Theory
We want to obtain Einstein's theory by starting from the action for a spin 2 field in flat space-time and coupling it to some kind of energy-momentum tensor for h ab and iterating the process. Given the ambiguities in the definition of the energymomentum tensor described in the last section, it makes sense to do it the other way round and identify the correct form of the tensor to which h ab couples in Einstein's theory. This exercise is straightforward: (i) start with an action functional A g [g ab ] which leads to Einstein's field equations for the metric tensor g ab ; (ii) define the spin 2 field through g ab = η ab +λh ab , where h ab has the dimension (length) −1 and λ has the dimensions of length; (iii) substitute g ab = η ab +λh ab in A g [g ab ] and expand in a Laurent-Taylor series in λ (or, which is the same thing, do a functional Taylor series in h ab ). Now, if our ideas are correct, two things must happen: (a) the lowest order term should give the action functional for the spin 2 field in flat space-time with a suitable choice for λ; (b) the next order term will have a Lagrangian of the form λh ab K ab and we should be able to read off K ab . We will carry out this exercise and then comment on various issues.
The conventional action principle for general relativity is the Einstein-Hilbert action given by (with λ 2 = 4πG)
where
and
The quantity L quad is what is usually called the Γ 2 Lagrangian and is quadratic in the first derivatives of the metric. The term ∂ i P i integrates to a surface term and is usually ignored while deriving the field equations by assuming that "suitable" boundary conditions can be imposed. A more formal route is to add a suitable boundary term to cancel this, thereby essentially reducing the action to one based on L quad .
Classically, there is no way of deciding whether A EH or A quad is the "correct" action, since they lead to the same field equations. Let us first consider A quad and determine to what second rank tensor it self-couples at the lowest order: since Γ ∂g, one can express A quad as a quadratic expression in ∂ a g bc . Straightforward algebra shows this to be of the form
with the same functional form as the M abcijk defined in Eq. (4)! This is a miracle and all the results of this paper are essentially an exploitation of this miracle. This result means that if, after obtaining the flat space-time action for spin 2 in Eq. (4) 
Putting them together, we get the expansion
But the integrand of the second term contains precisely the quantity we defined in Eq. (19) . Using it, we get the final answer,
with S pq given by
We, therefore, have proved that the coupling of gravity to itself, at least to the lowest order, is to a strange beast, defined in a noncovariant way. To O(λ), the field h ab couples to a quantity which is quadratic in the first derivatives, ∂ a h bc , of the field and does not couple to an object which has second derivatives of the field. The standard energy-momentum tensor T pq defined in Eq. (13) involves second derivatives of the field, and hence a naive coupling of the form T pq h pq will not match what we have found by explicit computation above. The proof in Eq. (26), of course, gives the result only to the lowest order and one needs to know whether gravity consistently couples to S ab [as defined by Eq. (19) ] to all orders in the coupling constant. It should be intuitively obvious that it will, but we shall provide an explicit proof in Sec. 4.1.
It is, anyway, easy to understand that the self-coupling term in the gravitational Lagrangian cannot be of the form λh ab T ab G , where T ab G is the energy-momentum tensor of the graviton. The reason is the following: a term in the Lagrangian proportional to λh ab T ab , where T ab is due to external matter fields (assumed to be independent of h ab to this order), will lead to an equation of motion of the type ∂ 2 h = λT . Hence a coupling of the type λh ab T ab is equivalent to requiring the source to be T ab . Consider now the coupling of gravity to itself through a term of the type λh ab C ab (h), where C ab is some tensor which explicitly depends on the graviton field h ab . When this term is varied with respect to h ab to get the equations of motion, we will obtain two terms, C ab + (∂C ij /∂h ab )h ij , both of which will act as a source to gravity at the next order. If we want the source to be the energy momentum tensor of the graviton field, T G ab , then the coupling cannot be of the form h ab T ab (h) G since this will lead to the wrong source. What we find is that the coupling in the Lagrangian should be to S ab if the source of the gravity is to be the energy-momentum tensor to the lowest order. (In this paper, we shall use the terminology "A is coupled to be B" if the Lagrangian in the relevant context has the term AB. This does not necessarily mean that B acts as a source term in Euler Lagrange equations when A is varied, since -in general -B could be a functional of A.) For the same reason, the tensors S ab and T ab are not the same as any of the energy-momentum pseudotensors [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] suggested for the gravitational field. The energy-momentum pseudotensors t ab are introduced at the level of equations of motion [usually requiring the Einstein equations to be recast in the form
; that is, they act as the source in the field equations and will have a structure t ab = C ab + (∂C ij /∂h ab )h ij , if the coupling term in the action is C ab h ab . In principle, one can find a C ab , for a given t ab , by inverting this functional equation with a suitable choice of ψ ijk ; but, in practice, the algebra is tedious and unnecessary in our approach.
So far we have obtained the lowest order self-coupling from the Γ 2 action, and we will now turn our attention to the surface term. We will prove a strong result: It is impossible to obtain the Einstein-Hilbert action, especially the A sur term, by starting from an action for the spin 2 field which is quadratic in the first derivatives and iterating in powers of λ. To see this qualitatively, note the structure of the Taylor series expansion for A sur ; symbolically,
(The Lagrangian in A sur is linear in the first derivative of g ab . The substitution g ab = η ab + λh ab will lead to a λ∂h type term which -on multiplication by the prefactor λ −2 -will give rise to the lowest order term which scales as λ −1 .) The third term of the above expansion, which is O(λ) and has the structure ∂(h 2 ∂h), can be combined with the coupling term (λ/2)S pq h pq in Eq. (26), which is also O(λ). If we write
it might seem that the S pq in the coupling term (λ/2)S pq h pq in Eq. (26) More explicitly, the two leading terms in A sur in the Einstein-Hilbert Lagrangian are
Thus the leading term in the Einstein-Hilbert Lagrangian (the term in the first line of the above equation),
is nonanalytic in λ when expanded in g ab = η ab + λh ab . Note that one cannot get out of this nonanalyticity by cheap tricks like rescaling h ab to λh ab . The dimension of the genuine graviton field and the form of the zeroth order Lagrangian uniquely fix the scaling of h ab and there is no freedom for dimensionful scaling left. (In fact, it turns out that this nonanalyticity is vital for the interpretation of the surface term as horizon entropy in semiclassical gravity; so it is not a trivial issue.) For us, the importance of the nonanalyticity lies in the following fact: if one starts with the quadratic spin 2 graviton action and iterate with self-coupling, it is impossible to obtain R √ −g, since it requires obtaining a piece nonanalytic in λ. One may wonder how previous "derivations" obtained this piece. This was added by hand; since all the terms in A sur are four-divergences, any part of it can be added by hand without affecting the equations of motion, and this is what was done. (We will discuss this in detail, in the context of the derivation by Deser, 6 in Sec. 4.3 .) The Lagrangian in the leading order surface term in Eq. (31)
, has some interesting properties. First, it is gauge-invariant under the transformation (2), as can be easily checked. (This, of course, means that one cannot set this term to zero by a gauge choice.) Second, it provides a simple counterexample to the belief that if a functional is invariant under infinitesimal gauge transformations [that is, under Eq. (2), with ξ treated as first order infinitesimal], then the expression will be generally covariant. This belief originates from the fact that a metric tensor transforms like in Eq. (2) under infinitesimal coordinate transformations [
and one thinks (erroneously) of the finite coordinate transformations as arising from "exponentiating" the infinitesimal ones. Explicitly, the functional
is clearly not invariant under arbitrary coordinate transformations. But if we take g ab = η ab + λh ab , then the expression for F becomes, to linear order in h, 
From Gravitons to Gravity: General Procedure
After the sneak preview of the results to come, we shall now return to the original task of coupling the spin 2 field to matter, as well as to itself, self-consistently to all orders. We shall start with the issue of coupling the spin 2 field to other matter fields self-consistently to all orders, to see how an externally specified h ab (x) affects the dynamics of φ A (x). Consider a field φ A (x a ) described by a Lagrangian density L(φ A , ∂φ A , η ab ) in flat space-time, in the Cartesian coordinates in which the metric is η ab = dia (−1, 1, 1, 1) . The index A formally denotes all the indices the field carries depending on its spin; we will assume that the field is bosonic, for simplicity. To couple h ab to this matter field, we need to first find a suitable, second rank tensor field K ab , defined in terms of the matter variables. In Sec. 2, we introduced two such tensors (among an infinite number of possibilities) in Eqs. (13) and (17) . Both can be generically expressed as functional derivatives in the form
If we use A 0 = A ∇ (φ A , ∇φ A , γ ab ) (with covariant derivatives), we get the conventional energy-momentum tensor
, which is a hybrid object, except for the relativistic particle, spin 0 field or spin 1 field for which the definitions coincide and T ab = S ab . For most of our algebra below, we need not specify whether we are using A ∇ or A ∂ and we will use the generic symbols A and K ab to represent either definition.
We now want to couple the second rank symmetric tensor field h ab to K ab . To the lowest order, this is done by changing the action from A 0 to A ≤1 ≡ A 0 + A 1 , where A 1 is chosen such that
where λ is a coupling constant. To the lowest order, K ab is independent of h ab and we can integrate this to obtain the action
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The addition of this coupling will, however, change the definition of K ab , since the second term A 1 contributes to K ab via Eq. (34). To take this into account, we need to add a term A 2 in a manner similar to what we did in Eq. (35) ; that is, we need to impose
Using the form for A 1 in Eq. (36) we get
Integrating, we get the second order correction as
It is obvious that this term will bring about another correction, etc. The sum of the infinite series of terms in the action will be
which is just a functional Taylor series expansion leading to
An alternative way of obtaining the same result is to note that, at every order, we have the recurrence relation, similar to Eqs. (35) and (38) ,
which is the same as
Summing both sides to infinite orders, we find that A ∞ satisfies the relation
which has the general solution given by Eq. (41). This is our key result. Thus we can consistently couple a field h ab to K ab by the rule given in Eq. (41): this allows us to compute the effect of an external h ab on the system if we insist that the external field consistently couple to a tensor K ab which can be expressed as in Eq. (34) . Since the curvilinear metric γ ab was introduced only as a bookkeeping device to allow for variation of the action, the final action is given by replacing γ ab with η ab at the end of the calculation. Note that there is a subtle difference between Eq. (41) and the expression obtained by replacing η ab with (η ab + λh ab ) in the original action. The latter will miss, for example, the det|γ| → det|η + h| kind of factors. We need to introduce γ ab in order to provide a placeholder in the final expression.
Here comes the parting of ways. If we had chosen A = A ∇ (φ A , ∇φ A , γ ab ) (with covariant derivatives), then K ab = T ab would be the standard energy-momentum tensor and our result would give the final matter action as
where we have used the abbreviation g ab ≡ η ab + λh ab and ∇ is defined with respect to this metric. This is a generally covariant matter action in the space-time with metric g ab and agrees with all the textbook results. It should, however, be stressed that this cannot be considered a derivation of general covariance of matter action when self-consistently coupled to the spin 2 field. This is because we made a rule for finding T ab which has general covariance with respect to curved space-time built in as an assumption. All that has been shown is that this extends to an interpretation of g ab as a metric tensor and only the combination g ab ≡ η ab + λh ab is relevant for the matter sector.
Since the final matter Lagrangian we obtained is generally covariant, its energymomentum tensor has zero covariant divergence, leading to
where ∇ is the covariant derivative operator corresponding to g ab = η ab + λh ab . On the other hand, if we had chosen A = A ∂ (φ A , ∂φ A , γ ab ) (without covariant derivatives), then K ab = S ab would be the best we have introduced in Sec. 2.4 and our result would give the final matter action as
In general, this is not a generally covariant matter Lagrangian since we have not replaced partial derivatives by covariant derivatives. The metric appears only through the √ −g factor and by the replacement of η ab with g ab . This, of course, does not matter for the Lagrangians of a relativistic particle, spin 0 field or spin 1 field. In all these cases this prescription does lead to a generally covariant Lagrangian, though this is not by design. Equation (46) also holds for the spin 0 or spin 1 field or for the relativistic particles, but not in general. (We shall comment on this in Sec. 5.)
How to obtain Einstein gravity from the spin 2 field
To see where all this is leading to, let us consider next the real issue: that of coupling the graviton field to itself. In our approach this is ridiculously simple. We merely use the fact that the analysis leading to Eq. (41) was completely independent of the form of A 0 as well as the nature of the fields φ A . Hence we can use the same prescription when φ A is the second rank symmetric tensor field h ab itself. 
Our prescription now requires that A ∞ for the field h ab be obtained by replacing γ ab with g ab ≡ η ab + λh ab . This leads to the action
which is precisely the Γ 2 action in general relativity. The variation of this action will lead to Einstein's field equations in vacuum, and we have achieved our goal.
As an aside, we note that the above approach will work with any generic action functional for the spin 2 field. A different choice of the spin 2 action functional will lead to a different final theory. This aspect is briefly discussed in App. B, since it is irrelevant to the main issues of this paper.
The failure of the conventional procedure to lead to Einstein's theory
Let us see what happens if we follow the conventional procedure. For this, we need to start with the A ∇ of graviton action and couple to the standard T ab . This action is given by Eq. (14):
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Our prescription now requires that A ∞ be obtained by replacing γ ab with g ab ≡ η ab + λh ab . This leads to the action
where the ∇ operator is with respect to the metric g ab . Now, since ∇ i g jk = 0, we get
and a similar expression for ∇ i h jk . Since these are multiplied by M abcijk (g mn ), which is symmetric in (b, c), (i, j), we can ignore the (b ↔ c) term, etc. We thus obtain
Of the four terms which arise on expanding out the product, (δ
, the first term can be transformed, again using the symmetry of
This is precisely the Lagrangian term in Einstein's theory, in the form of Γ 2 action [of Eq. (49)]. Unfortunately, there are three more terms in Eq. (53) of the ΓΓhh and ΓΓh forms. They do not vanish, they are not total divergences and they depend explicitly on h ab . Thus the action functional obtained by coupling the spin 2 field to the standard energy-momentum tensor is not that of Einstein's theory.
The manner in which we led the reader to the result should not come as a surprise. We have, in fact, shown explicitly in Sec. 3 that the standard action for Einstein's theory does couple to S ab in the lowest order. So, clearly, we will not get Einstein's theory if we force the conventional energy-momentum tensor T ab on to the spin 2 field.
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Comments on the previous work
Finally, we shall discuss how the previous "derivations" escaped this problem. As described in Sec. 1, none of the previous derivations other than that of Deser 6 actually performs any iteration. All the rest of them tacitly or explicitly bring in general covariance for the gravity sector, after which it is trivial to obtain R √ −g as the Lagrangian; hence, we need not discuss them any further. Deser does perform the iteration using the first order form of gravity and using √ −gg ab as the chosen variable. Let us first summarize this approach briefly in a slightly different language, to bring the essential ingredients into focus.
We first note that the standard Einstein-Hilbert action can be expressed in the first order Palatini form using the variables Γ a bc and f ab ≡ √ −gg ab :
Varying f ab and Γ a bc independently in this action will lead to standard Einstein equations. If we substitute f ab = η ab + λq ab into this action (without any approximations), then the Lagrangian becomes
where R 
Expanding out the product in Eq. (56), we get four terms, which we will group as
We now notice something remarkable:
, is a total divergence. Let us assume that we are allowed to drop this term.
• The second term has the piece [
, which is essentially equivalent to the zeroth order action for the spin 2 graviton (in the second order formalism) plus a very specific four-divergence term. [This will be apparent if we write the term qR L ∼ q∂Γ ∼ ∂(qΓ) − Γ∂q; we find that it has a quadratic term plus a very specific total divergence term ∂(qΓ).] Let us assume that we are allowed to start with this very specific term as the lowest order graviton Lagrangian.
• Granted these two wishes, we can obtain from this L 1 term the tensor t ab = (δL 1 /δη 
where the R ab is now evaluated with partial derivatives replaced by covariant derivatives with respect to γ ab , etc. 
where the second term σ ab arises from the variation of the ∂ a γ bc terms, because we have changed ∂ a to ∇ a . Its explicit form,
is irrelevant to us. We are now in trouble, since the next order coupling t ab q ab will have an unwanted term, q ab σ ab , in addition to the term we want (proportional to q ab R Q ab ). Deser simply drops this term, saying (see his comment after Eq. (9) of Ref. 6 ) "Note that we have not added the full h µν τ µν , but rather used the simple part of τ µν only" -without any additional justification! Then, of course, one gets the L 2 as the next term and iteration stops there.
It should now be obvious that Deser's derivation requires the following implicit assumptions:
• One should drop the L 0 term in Eq. (58) It is precisely this term which, in second order formalism, has the non-analytic behavior 1/λ and is displayed as the first term in Eq. (30) . Sure, it is a fourdivergence, but one can never get it from the graviton's quadratic action and one needs to add and subtract this term, at will, to get Einstein-Hilbert action.
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• One should start with L 1 , which is not the graviton action that is quadratic in the derivatives of the field (which a particle physicist would have written down from first principles) but the one with a very specific total divergence added to it. This is precisely the O(1) in Eq. (30) . There is no way anyone could have guessed this specific total divergence term without knowing the final answer! • One should drop the terms in t ab which arise from varying ∂ a γ bc . But this is precisely the same as using our quantity S ab ! Or, rather, not changing ∂ to ∇ when one takes the graviton action from flat space-time to curved space-time. So, in real terms, the two derivations match mathematically and our conclusion stands: Gravity self-couples to S ab , not to T ab . It just was not realized before.
If we are not attempting to derive Einstein's theory from the spin 2 theory but only want to reinterpret it in the field-theory language, then we may be willing to live with the first two issues mentioned above. We can use the hindsight gained from general relativity and add/subtract four divergences at will to/from the action, to obtain the necessary final form. (We must then admit that the Venusian physicists whom Feynman keeps referring to in Ref. 4 would never have got there.) But the third issue is not a matter of opinion or a point of view; what quantity gravity couples to in becoming nonlinear is a well-defined mathematical question. Our analysis -and proper interpretation of previous work -gives an unconventional answer.
Conclusions
We have shown that it is not possible to obtain the Einstein-Hilbert action starting from the standard graviton action and iterating in the coupling constant. This is because of the existence of the total divergence term in the Einstein-Hilbert action which is nonanalytic in the coupling constant, when expanded in terms of the graviton field. This result is crucial because a series of previous investigations [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] have shown that the surface term is vital in the thermodynamics of horizons and in semiclassical gravity. In fact, I started this investigation to understand how the surface term -and, hence, possibly the entropy of horizons -can be interpreted in terms of the graviton field in a Minkowski background. The result shows that one simply cannot understand the surface term in a standard field-theoretical language, using the graviton field. There is more to gravity than gravitons. (There is sufficient evidence to assume that gravity is not a fundamental field but an emergent phenomenon like elasticity. In that case, the peculiar structure of the gravitational Lagrangian needs to be understood as an effective low energy phenomenon.
53-58 ) In a strictly classical theory, what matters is the equation of motion and not the form of the action principle. Hence, the fact that we cannot get the surface term in the Einstein-Hilbert action is not of concern if we are only interested in Einstein's equations. Our analysis shows that it is indeed possible to obtain the quadratic Γ rank tensor S ab which is different from the standard energy-momentum tensor T ab G of the graviton. Indeed, as we explained in Sec. 3 [see the discussion after Eq. (27) ], if the source of gravity at each order of iteration has to be the energy-momentum tensor of the graviton evaluated at the previous order, then the coupling in the Lagrangian cannot be of the form h ab T ab G since the h ab dependence of the T ab G will lead to an extra term on variation. A term in the Lagrangian of the form h ab S ab does lead to the energy-momentum tensor as the source of gravity. Identifying the nature of S ab and bringing it into focus has been one of the results of this paper.
If we were only interested in pure gravity, this would have been the whole story. But, in that case, it would have been an unnecessary exercise. The linear spin 2 field, uncoupled to anything, is a perfectly consistent theory and we need not try to couple it to itself. So the whole exercise has meaning only when we have both matter and spin 2 field and we try to couple them consistently. Then we need to assume that the spin 2 field couples to itself through S ab , while it couples to matter through T ab . This assumption will lead consistently to Einstein's theory and seems to be the most viable option, if we want to obtain standard gravity coupled to matter, starting from the graviton action. (Of course, in a world made of a spin 2 field coupled to matter made of only relativistic particles, spin 0 fields and spin 1 fields, one can assume that all the coupling is through S ab ; this is because for matter made of these constituents, S ab = T ab .) Two facts need to be borne in mind as regards this option. First, we do not know anything about the coupling of the spin 2 field to itself except through standard gravity; and the analysis in Sec. 3 shows that gravity does couple to itself through a term, h ab S ab . Second, there is no conflict with the principle of equivalence even though the self-coupling term is h ab S ab while the coupling to the external source is through h ab T ab . What matters for the principle of equivalence is the fact that the source for gravity is always the energy-momentum tensor This is indeed assured in our approach and -as has been stressed several times -this requires a selfcoupling term of the form h ab S ab in the Lagrangian.
